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ABSTRACT  

Interferometers for the measurement of topography rely on imaging systems to map surface points to a camera. The 
response of an interferometer to variations in surface height depends on the filtering properties of the imaging system. 
Here we provide a simple and practical model of an imaging interferometer using classical Fourier optics, including the 
effects of partial coherence. The model is useful for understanding basic properties such as lateral resolution and error 
sources related to measurement principles that make assumptions regarding the fidelity of the instrument response over a 
range of surface spatial frequencies and light source wavelengths. 
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1. INTRODUCTION  

The modelling of interference microscopes has advanced considerably, providing details of the interaction of light with 
complex surface structures, multiple scattering, the effect of semi-transparent surface films and optically unresolved 
structures. These advances have provided important insight into instrument behavior, particularly for difficult surface 
structures that can generate unexpected or anomalous results [1-3]. These methods rely on rigorous solutions to Maxwell’s 
equations, often combined with 3D transfer functions, to provide insights into the combined effects of focus and light 
source bandwidth on interference signals [4, 5]. 

The benefits of advanced modeling notwithstanding, fundamental Fourier optics and classical Abbe theory continue to 
play important roles in understanding interferometers for surface topography measurement [6-8]. These traditional 
methods are accessible to most researchers with a basic understanding of Fourier optics, and provide an intuitive path to 
understanding the limits of lateral resolution and the origins of measurement errors, particularly with multiple-wavelength 
and coherence-based interference techniques. Consequently, somewhat contrary to current trends that strive to improve 
diffraction calculations on difficult surface structures, the goal of the present research is to provide the simplest possible 
interferometer model that realistically includes the imaging properties of the optical system. We refer to this approach as 
the elementary Fourier optics (EFO) model. 

A specific case of interest here is interferometry with partially coherent light, which is common in reflection interference 
microscopes for surface topography measurement. Modeling partially coherent systems usually involves an integration 
over a grid of points in the illumination pupil representing an extended light source [9]. In addition to being 
computationally intensive, it is difficult to interpret the pupil plane integration in terms of familiar concepts such as the 
modulation transfer function for optical imaging. However, we have recently shown that using the EFO model with 
familiar approximations such as an obliquity factor for fringe spacing simplifies the integration to a simple linear filtering 
with a 2D  ,x y  transfer functions [10]. This approach provided an intuitive way of understanding and predicting basic 
instrument response in interferometers, with clear limitations given the approximations involved. The model is useful for 
understanding basic properties such as lateral resolution and error sources related to measurement principles that make 
assumptions regarding the fidelity of the instrument response over a range of surface spatial frequencies and light source 
wavelengths. 

In this paper, we first describe in section 2 a generic imaging interferometer, and summarize in section 3 the approximate 
partially-coherent EFO model from Ref.[10]. An example in section 4 of a simulated sinusoidal grating clarifies the 
sequence of operations leading to a calculation of the predicted measured profile. Section 5 includes a calculation of the 
topographical image of two features spaced by the Rayleigh resolution limit. As an example of the extensibility of the 
model, section 6 provides a cross-sectional image of wave propagation over a range of focus positions. Following this 
example is a summary and outlook for further work. 
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2. INSTRUMENT 

Figure 1 shows a simple generic hardware model of an interferometer that includes an imaging system [11]. The objective 

lens has an imaging numerical aperture (NA) NA determined by its focal length and the objective aperture stop that in the 

model is positioned at the back focal plane of the objective lens. The reference and object lenses have the same NA, 

consistent with the most common microscope configurations. The monochromatic Köhler illumination images the light 

source into the back focal plane. Depending on the aperture, the illumination NA PA  is less than or equal to the imaging 

NA NA . For a point-like monochromatic light source such as a laser or a very small aperture stop such that P NA A , 

the illumination is spatially coherent; whereas if the light source is diffuse and its image fills the objective aperture, 

P NA A and the illumination is nearly incoherent.  

      
Figure 1: Hardware model of an interference microscope. 

In EFO modeling, the basic assumption is that variations in surface height are small when compared to the depth of field 

given by the Rayleigh formula 

 2
field ND A  . (1) 

For a wavelength of 0.50 µm, the depth of field typically ranges from ±100 µm at 0.05 NA to ±1 µm at 0.5 NA. This is 

range of surface heights accommodates a wide range of practical situations, including coherence-scanning methods, if we 

consider only those areas within the field of view that are in focus during the scan [12]. 

This paper assumes several additional common approximations, including neglecting angle-dependent reflectivity 

variations, polarization effects and skew angles. As noted in the Introduction, a further simplification for partially coherent 

light follows from the use of the obliquity factor—a familiar concept in interference microscopy that averages the 

interference phase shift sensitivity over the range of incident angles to the object surface. The obliquity factor significantly 

simplifies the calculation, enabling the use of Fourier transforms and familiar methods of linear transfer functions [10]. 

3. MATHEMATICAL MODEL 

The camera in Figure 1 detects an interference signal  

  R I IR       , (2) 
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where ,R I   correspond to individual contributions from the imaged reference and object light, respectively, and IR  

is the interference term. In this paper, we are only interested in the interference term IR . The interference term by 

definition is given by  

 
* *U U U UIR R I R I   , (3) 

where U UR I, are complex representations of the contributions to the interference effect from the reference and object 

surface reflections, respectively, including the effects of the imaging optics. A simple model of the reference, assuming 

that there is no field dependence for the magnitude UR  nor for the phase R ,  is 

  U exp  R Ri . (4) 

Although mathematically the quantities U UR I,  are defined as interference contributions, they may be thought of 

informally as imaged light fields in the EFO model. This concept is to be used with caution, as these variables are the 

result of a sequence of mathematical approximations and do not directly represent the imaged light fields from the object 

and reference independent of the interference calculation [10]. For example, the non-interfering term I  in partially 

coherent light is not equal to the square magnitude  
2

U I , except for the limit case of fully coherent imaging with a point-

like source [13, 14]. This is the reason for using non-italic symbols for U UR I, , consistent with previous papers [10]. 

The calculation of the object contribution U I  begins with the definition of a surface height profile  oh x  along a surface 

coordinate x , which serves as an abbreviation for the two-dimensional lateral coordinates ,x y . The instrument illuminates 

the surface with monochromatic light having an angular wavenumber 

 2k   . (5)  

In the model, the effect of topography is to introduce phase shifts proportional to surface heights   oh x : 

    2eq eq ox k h x   (6) 

where the obliquity factor defined by 

 eqk k   (7) 

accounts for the average increase in interference fringe spacing with oblique illumination over a range of incident angles 

[11, 15, 16]. A known formula for the obliquity factor for a uniform, disk-shaped source light distribution within the 

illumination pupil for low NA (<0.5) is 

  2 1 cos P      , (8) 

where P  is the maximum incident angle for the illumination cone, given by  

  1sinP PA  . (9) 
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A complex distribution  Uo x  within a plane at 0z   represents the effect of the object surface on the light reflected 

from the object surface:  

    U expo eqi xx     . (10) 

Following conventional methods of Fourier optics, this distribution is represented by a spectrum of plane waves 

       eU U xp 2 x o x xo f x i f x df . (11) 

The tilde (~) symbol denotes a frequency-domain representation of the corresponding space-domain quantity. The lateral 

spatial frequency
xf  for each plane wave follows from the grating equation 

  cos x xf  , (12) 

where x  is the angle between the direction of the plane wave propagation and the  x
 
 axis. The inverse Fourier transform 

provides the resulting light field from the focus-shifted spectrum of plane waves.  

The modeling of image formation includes the filtering properties of the optical system. In the simplest EFO model, the 

use of an obliquity factor allows us to perform the filtering on the complex amplitude Uo , as if the system were fully 

coherent. The effect on the spectrum of plane waves is a multiplication in frequency space  

        U UI x x o xf O f f , (13) 

where the partially-coherent transfer function (PCTF)  

           x x x xO f P f H f H f     , (14) 

is a cross-correlation involving the classical amplitude transfer function (ATF)   xH f , and   xP f  is the light source 

intensity distribution within the illumination pupil.  The PCTF determines the frequency bandwidth of the instrument 
response as well as the effects of aberrations.  

In the simplest case of an optical design considered free of all aberrations, a uniform source distribution limited by an 

illumination aperture and the ATF limited by an imaging aperture, we have  

     circx x NH f f f  (15) 

     circx x PP f f f  (16) 

where the limiting spatial frequencies are  

 N Nf A   (17) 

 P Nf q f  (18) 
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and the fill factor 1q  is equal to the ratio of the diameter of the circular source light image in the illumination pupil to 

the diameter of the illumination aperture.  The PCTF works out to  

   

       
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 

 

2 2

2 2

1
cos

2 2

1
cos .

2 2

x N P
N

N N x

x N P
P

P P x

f f f

f f f

f f f

f f f






 


 

 (20) 

This result covers all cases from a point source with P NA A  to a filled pupil P NA A . For the case of a filled pupil, the 

result is identical to the well-known MTF formula for a conventional fully-incoherent imaging system [17]. For the case 

of an overfilled pupil such that 1q  , the imaging aperture NA  limits the lateral resolution just as it does in conventional 

microscopy with a condensing lens, and the PCTF is calculated for  1q  . 

At the image plane, the coherent superposition of the filtered plane waves results in an imaged light field given by the 

inverse Fourier transform  

       U U exp 2I I x x xx f i f x df  , (21) 

where we have reused the object-space coordinates ,x z , equivalent to a system without distortion and with unit 
magnification. The calculation of the topography follows from a determination of the phase of the imaged light field, 
ideally at the best focus position.  

     arg UI Ix x   . (22) 

The topography measurement is  

      2 4I I eq Ih x x k x    . (23) 

Because the phase range covers only 2 , the measured value should be unwrapped or connected to cover the full 
topography range in the usual way. In practice, determining the phase interferometrically may proceed by any one of a 
number of ways, for example, by mixing the imaged light field with the reference field and performing phase shifts to 
generate a signal for further processing [18]. However, for the purposes of mathematically modeling the effect of surface 
topography, it is enough to calculate the phase directly from Eq.(22). Table 1 summarizes the approximate EFO 
interferometer model for partially coherent monochromatic illumination. 
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Table 1: Approximate EFO model for partially coherent light 

Step Symbols 

Determine the obliquity factor and equivalent wavenumber based on the light 
distribution in the illumination pupil 

 , eqk  

Define an object topography and equivalent phase for the object light field after 
reflection from the surface oh , eq  

Calculate the complex representation of the object light field and use a Fourier 
transform to obtain the spectrum of plane waves 

Uo ,Uo  

Define the light intensity distribution in the illumination pupil and the ATF for 
the imaging optics  

P , H  

Calculate the PCTF  O  

Filter the spectrum of plane waves using the PCTF, and calculate the imaged 
light field using an inverse Fourier transform 

UI , U I  

Calculate the measured phase and corresponding surface heights ,I Ih  

4. EXAMPLE: SINUSOIDAL SURFACE TOPOGRAPHY 

For a sinusoidal topography object of amplitude ob  and surface spatial frequency   the surface height variation is  

    cos 2o oh b xx  . (24) 

The corresponding phase shift is 

    c 2 os 2o eq ok b xx  . (25) 

As a specific example, we will use the following parameters 

 

 1/ 10 μm

500 nm

0.06 μm

0.100

0.075

o

N

P

b

A

A













. (26)
 

Figure 2 is a cross-section of the topography. Figure 3 shows the resulting Fourier spectrum from Eq.(11), while Figure 4 
shows the PCTF for the parameters of Eq.(26). After applying this PCTF, we have the truncated spectrum shown in Figure 
5. Figure 6 compares the resulting measured surface profile with the original, showing a modest attenuation. Importantly, 
the optical filtering results in a distortion of the measured surface profile, such that the result is no longer perfectly 
sinusoidal. This is illustrated by the graph of the predicted measurement error in Figure 7. The distortion in this case is 
small; but is nonetheless evidence of a nonlinear response that has been a topic of many studies.  

Curiosity at least suggests a comparison with an alternative theoretical framework to determine if the nonlinearities shown 
in Figure 7 are simply the result of over-simplification. Figure 8 shows the difference in the predicted measured profile 
for the EFO model and a more sophisticated diffraction calculation published by Maystre, et al. adapted for 5-frame phase 
shifting interferometry [19]. The RMS difference of 0.25 nm provides confidence that at least for simple structures at low 
NA, the EFO results are consistent with more advanced methods. 
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Figure 2: Example sinusoidal topography. 

 

Figure 3: Fourier spectrum for the object contribution to the interference pattern.  

 
Figure 4: Transfer function representing optical filtering in the frequency domain. 

 
Figure 5: Filtered spectrum after applying the PCTF of Figure 4. 
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Figure 6: Comparison of the predicted measured surface topography with the known topography.  

 
Figure 7: Predicted difference between the measured and known object surface topography. 

 
Figure 8: Difference between the predicted measured profiles for the EFO model and the more advanced  

Maystre et al. model.  
 

5. EXAMPLE: LATERAL RESOLUTION 

It is common to specify the resolving power of interferometers according to the traditional Rayleigh or Sparrow limits, 
which are applicable for intensity variations. It is not so obvious that the same limits apply to surface topography. This is 
straightforward to test with the approximate EFO model for feature heights that are small compared to the depth of field.  

The Rayleigh limit for a disk pupil that is entirely filled with source light is  

 0.61lim Nx A . (27) 

The following example parameters make the calculation simple: 
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600 nm

0.061

0.061

6 μm

N

P

lim

A

A

x

 






. (28) 

Figure 9 illustrates the calculation for two lines (posts in cross section) with a 40 nm height and 1 µm width separated by 
the Rayleigh limit of 6 µm. The features are clearly separable; but there is a significant reduction in surface height to about 
20% of the original value. This effect is analogous to the loss of contrast between bright and dark lines in a conventional 
imaging system. 

 
Figure 9: (Left) Object topography for two 40 nm tall features separated by the Rayleigh criterion. 

(Right) Simulated measured topography for an interferometer. 

The results change with topography features of larger height, but not necessarily in an expected way. As the heights 
increase, the two features remain properly resolved; but the attenuation of the measured heights is proportionally greater. 
This is a consequence of more light being scattered at higher angles by taller structures, resulting in light loss at the limiting 
apertures of the system. The effect is illustrated in  Figure 10 for a feature height of 120 nm. Note that when comparing 
Figure 10 with Figure 9, the relative scales between the left and right graphs have been preserved. The conclusion is that 
for these narrow, closely-spaced rectangular features, the instrument response is nonlinear; but the system is still able to 
resolve feature separations consistent with the Rayleigh criterion. 

 

Figure 10: (Left) Object topography for two 120 nm tall features separated by the Rayleigh criterion.  
(Right) Simulated measured topography. 

6. FOCUS EFFECTS 

The EFO model assumes that the variations in surface height for the object surface should be less than the depth of field 
of the instrument. However, this does not mean that the surface as a whole must be at the best-focus position. With this 
understanding, it is straightforward to include an image focus change along the z  axis using traditional Fourier optics 
methods.  The free-space propagator  

Lateral position (µm)

Surface topography (µm)

0

0.05

-9 -6 -3 0

0.04
0.03
0.02
0.01

3 6 9
Lateral position (µm)

Measured topography (µm)

0

0.010

-9 -6 -3 0

0.008
0.006

3 6 9

0.004
0.002

Lateral position (µm)

Surface topography (µm)

0

0.15

-9 -6 -3 0

0.12
0.09
0.06
0.03

3 6 9
Lateral position (µm)

Measured topography (µm)

-9 -6 -3 0 3 6 9
0

0.030
0.024
0.018
0.012
0.006

Proc. of SPIE Vol. 11490  114900T-9
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 21 Aug 2020
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



 
 

 

 
 

    2
, exp 1x xf z ikz f     

 (29) 

accounts for how much each plane wave will be shifted in phase in terms of a propagation distance z  

       U , , Uo x x o xf z f z f . (30) 

The square root in the propagator implies that we retain only those non-evanescent plane waves for which 1xf  . The 
inverse Fourier transform is the focus-shifted object light field: 

            U , U , exp 2 o o x x xx z f z i f x df  (31) 

In addition to image defocus, as the object moves away from this position, there is a loss of interference fringe contrast in 
partially coherent illumination caused by the angular dependence of the phase shifts of the component incident beams with 
z position. This effect is neglected in the approximate EFO model using the obliquity factor. However, Schulz [15] and 

later Dubois [16] have shown that it is possible to extend the useful focus range for an obliquity factor approximation 
using a closed-form fringe contrast function as an overall multiplicative factor. 

Figure 11 shows an example of the effect of defocus using the propagator of Eq.(29), illustrating the superposition of 
500 nm monochromatic diffracted plane waves for a sinusoidal structure having a surface spatial period of 2.5 µm, an 
amplitude of 0.125 µm, and a width of a 7.5 µm. The image shows the results of the calculation of the defocused light 
field in Eq.(31) over a 100 µm range of focus positions. The spectrum of plane waves evolves in the far field (upper part 
of the figure) to a range diffracted orders; whereas in the near field (lower part of the figure) the brightness shows the 
variation in signal strength across the 7.5 µm surface topography in the vicinity of best focus.  

 
Figure 11: Illustration of the modeling of defocus in the EFO model for a sinusoidal surface topography. The brightness in 

the image is proportional to the interference signal strength. The in-focus image is at the z=0 position.  

7. SUMMARY 

In this paper we propose that the basic imaging properties of optical systems can be meaningfully addressed with traditional 
Fourier optics, using a scattering model that considers the surface as a thin phase grating and a 2D representation of 
propagating light fields. Within well-recognized limits and with simple surface structures, the model can be useful for 
predicting interferometer response to sample topography. 
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In the approximate EFO model summarized in Table 1, a further simplification for partially coherent monochromatic light 
follows from the use of the obliquity factor—a familiar concept in interference microscopy that averages the interference 
phase shift sensitivity over the range of incident angles to the object surface. As we have shown in previous work [10], 
subject to significant limitations related to several approximations, the interference signal can be simulated by assuming 
that the light source is fully coherent, even if it is an extended source such as a quasi-monochromatic LED. A linear shift-
invariant transfer function—the PCTF—accounts for the optics and the process of forming interference fringes on the 
camera. This approach leverages simple 2D Fourier transforms and is correspondingly easier to implement than a formal 
pupil-plane integration. The EFO model is simple enough that it can be implemented as in Microsoft® EXCEL® for surface 
profiles using only standard spreadsheet formulas. An example implementation is available for download from zygo.com 
[20] and from researchgate.com [21]. 

The model readily extends to a variety of interferometer configurations and measurement principles, from laser Fizeau 
systems to coherence scanning interferometry. Although there are clear limitations to such elementary methods, the EFO 
model can be a first step in understanding many of the most important properties of interferometers, including limits to 
lateral resolution and many basic error mechanisms observed in practice [14]. In addition, when developing more advanced 
models, EFO methods are useful for comparison, particularly when elementary methods are proven to be inaccurate, as 
this indicates situations where evaluation and improvement of topographical fidelity require a more advanced approach.  
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